Problems Ted Eiserberg, Section Editor
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This section of the Journal offers readers an opportunity to exchange interesting mathematical
problems and solutions. Proposals are always welcomed. Please observe the following guidelines
when submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on separate sheds, ead indicat-
ing the name and addressof the sender. Drawings must be suitab le for reproducti on. Proposals
should be accompanied by solutions. An asterisk (*) indicates that neither the propose nor
the editor has supplied a solution.

2. Send submittal s to: Ted Eiserberg, Department of Mathematics, Ben-Gurion University,
Beer-Sheva, Israd or fax to: 972-86-477648. Quedions concening proposalsand/or solutions
can be sent e-mail to: <eisen@math.bgu.ac.il> or to <eisenbt@013.net>.
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Solutions to the problems stated in this issue should be posted before
April 15, 2007

¥ 4948: Proposed by Kenneth Korbin, New York, NY.

The sides of a triangle have lengths x1,z2, and z3 regpedively. Find the area of the
tri angle if
(z! z1)(z! z)(z! z3) = 23! 122%+ 47z ! 60.

¥ 4949: Proposed by Kenneth Korbin, New York, NY.

A convex pentagon is insaibed in a circle with diameter d. Find postive integers a, b,
and d if the sidesof the pentagon have lengths a, a,a, b, and b regpedively and if a > b.
Expressthe area of the pentagon in terms of a, b, and d.

¥ 4950: Proposed by Isabel Diaz-Iriberri and José Luis Diaz-Barrero, Barcelona, Spain.

Let a, b, c be posgti ve numbers such that abc = 1. Prove that

n a+ n b+ n C+
473 b473+ 473 9473-'- 473 6273#3
a’+ b b+ "¢ A+ Ta

¥ 4951: Proposed by José Luis Diaz-Barrero, Barcelona, Spain.

Let «, 3, and v be the anglesof an acute triangle ABC. Prove that
!
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¥ 4952 Proposed by Michael Brozinsky, Central Islip, NY & Robert Holt, Scotch Plains,
NJ.

An archeologicalexpedition discovered all dwellingsin an ancient civili zation had 1, 2, or
3 of each of k£ independent features Each plot of land contained three of these houses
such that the k£ sums of the number of ead of these features were all divisible by 3.
Furth ermore, no plot contained two houseswith identical conpguations of features and
no two plots had the same conkgurations of three houses Find a) the maximum number
of plots that a house with a given conpguration might be located on, and b) the maximum
number of distinct possble plots.

¥ 4953: Proposed by Tom Leong, Brooklyn, NY.

Letr(x) denotethe number of primes not exceeding . Fix a positive integer n and debre
sequencesby a1 = b1 = n and

ap+1 = ag ! w(ag) + n, b1 = w(bg) + n+ 1 fork# 1.

a) Show that lim ay is the n'" prime.
b) Show that lim by is the n'" composite.

Solutions
¥ 4912: Proposed by Kenneth Korbin, New York, NY.
Find an explicit formula for the N** term for the sequence
2,15,88, 475 2472 444 t v, 484

wherety = 10in#1! 31inz2 + 30t % 3.
Soluti on by Bryce Duncan (student), Aubur n University-Mon tgomery , AL.
The characteristic equation for the linear recurrenceis

A31 1002+ 310! 30= (A! 2)(A! 3)(A! 5)=0.

The general formula for ¢y will be given by tx = a1(2V) + a2(3Y) + a3(5") for some a;.
Using the initial conditi ons with 2, 15, and 88 corresponding to N = 0, 1, 2 respedively,
we arrive at the linear system:

2 = a1+ ozt a3
15 = 2a1+ 3as+ 5a3
88 = 4ajq+ 9+ 25a3.

Solving thisyields a; = ! 2/3, ap = ! 3/2, +az = 25/6. And so

3

2 25 ] 2N+2 I 3N+2 + 5N+2
iy =1 §(2N) ! §(3N) + €(5N)‘ IN =

6

Al so solved by Brian D. Beasley, Clin ton, SC; Dionne Bailey, Elsie Camp-
bell, & Charles Diminni e (jointly), San Angel o, TX; Jose Luis D®&azBarr ero,
Barcelona, Spain; Rebecca Du! (studen t), Waynesburg College, PA; Paul M.
Harms, North Newton, KS; N. J. Kuenzi, Oshkosh, WI; David E. M anes,



Oneonta, NY ; R. P. Sealy, Sackville, New Bruns wick, Canada; David Stone
& John Hawkins (join tly), Statesboro, GA; David C. Wil son, Winston-Salem ,
NC, and the proposer.

¥ 4913: Proposed by Kenneth Korbin, New York, NY.

The number 256= 28 has9 postiv e integer divisors which are 1, 2,4, 8, 16, 32, 64, 128 256.
Find the smallest number with 256 positive integer divisors.

Soluti on by Paul M. Har ms, North Newton, KS.

Each prime number has two posti ve integer divisors. We also see that any prime factor
raised to the power n hasn + 1 postive integer divisors. If we multiply prime factors,
the quantit y of positive integer divisors is the product of the number of positive integer
divisors of eac prime factor. For example, 23(3)(5) has 2*postive integer divisors. For
this problem we need prime factors raisedto powerswhich have 2" postive integer divisors
where n is a positive integer. A number like 22 has 4 = 22 postive integer divisors and
2" has8 = 2° positive integer divisors.

To bnd the number satisfying the problem, | will start with all prime numbers raised
to the brst power and then decrease the number by changing powers of the smaller
primes and excluding the large primes The numbers 2(3)(5)(7) (11)(13)(17)(19) has
28 postive integer divisors. The following number have 28 postive integers divisors:
23(3)(5)(7)(11)(13)(17) and N = 23(3)(5)(7)(11)(13). The next highes power of 2 or
3 that we need is the power of 7. Clearly, numbers like 2733(5)(7)(11), 2237(5)(11) or
23335°(7)(11) are all greater than N. The smalles number which satisbes the problem is
N = 2333(5)(7)(11)(13) = 1,081, 080.

Al so solved by Brian D. Beasley, Clinton, SC; Pat Costello, Richmond, KY ;
Bryce Duncan, Montgomery, AL; Je! Herrin, Richmond, KY; Bry an Howard,
Wetum pka, AL; N. J. Kuenzi, Oshkosh, WI; Carl Libis, Kingston, RI; David
E. Man es, Oneonta, NY ; Charles McC racken, Dayton, OH; Yair Muli an, Beer-
Sheva, Israel; R. P. Sealy, Sackvil le, New Bru nswick, Canad a; April Spears,
Ric hmond, KY; David Stone & John Hawkins (jointly), State sboro, GA ;David
C. Wilson, Wi nston- Salem, NC, and the prop oser.

¥ 4914 Proposed by Kenneth Korbin, New York, NY.

Find three primitive Pythagorean triangles which all have the same length perimeter
14280.

Soluti on by David C. Wi Ison, Wi nston- Salem, NC.

The three sides of a PPT are m?! n?,2mn,m? + n? where(m,n) = 1 and m and n
have dile rent parity. Since the perimeter must be 14280, (m?! n?) + 2mn + (m? +

7140 .
n?) = 14280=$ m?+ mn = 7140=$ n = I m. Thus, m must be a divisor of

7140= 22 434547 417. There are 48 divisorsﬂéf 7140, but we need to check only the
24 divisors between 1 and 85.The only three that work are m = 60,68,84. If m = 60,
then n = 59 and the sidesare 119 708Q 7081;if m = 68, then n = 37 and the sidesare
32555032 5993;and if m = 84, then n = 1 and the sides are 7055 168 7057.

Al so solved by Charles Ashbacher, Cedar Rapids, IA; Brian D. Beasley, Clin-
ton, SC; Elsie M. Campb ell, Dionne T. Bail ey, & Char les Diminnie (jointly),
San Angel o, TX ; Pat Costello, Richmond, KY; Wil liam R. Klinger, Up-



land, IN; N. J. Kuenzi, Oshkosh, WI; Peter E. Lil ey, Lafayette, IN; David
E. Manes ,Oneonta, NY; Charles McCr acken, Dayton, OH; Amihai Men uhin,
Beer-Shev a, Israel; John Nord, Spokane, WA; R. P. Sealy, Sackville, New
Brun swick, Canada; Harry Sedinger, St. Bonaventure, NY ; Boris Rays &
Jahangeer Kholdi (jointly), Landover, MD & Portsmouth, VA (respectively);
David Stone & John Hawkins (jointly), Statesb oro, GA ; and the prop oser.
This problem was also solved by the following students at Taylor University:
Ben Diener & Neil Long (joi ntly), Kevin Little , Aaron Ho esli, & Jonas Herum
(jointly), David Kasp er, Reb ekah Bergens & Daryl Henry (jointly); and by the
following studen ts at Eastern Kentucky University: Charles Gro ce, Ceyhun
Ferik & Yongb ok Lee (jointly); April Spears, and Mar tina Bray.

¥ 4915: Proposed by Isabel Diaz Iriberri and José Luis Diaz-Barrero, Barcelona, Spain.
Find the following sums:

#  100327*1 # n

(n+ 2) 7 (o) oy P4 02+ 16

(a)

n=1

Soluti on by Brian D. Beasley, Clinton, SC.

(a) We have 2
# n+1 # $ % n+1 # n+1 n+2
% = 1003 1! 2 2 = 1003 2 ! 2 ,
e (Rt 2)! el n+2 (n+ 1) aep (D (n+ 2)

sothe saies telescopes to the sum 1003(2)= 2006.

(b) We have
y ' 0,
# n i $ 14 1/4 o
ant+An2+16 0 n?l 2n+ 4 n?+ 2n+ 4
$ %
_ 1/4 | 1/4
- oy (R 22+ 2! 2)+ 4 n2+2n+ 4 7
0,
sothe seies telescopes to the sum }$}+ }A)- i
pes 434 "8

Al so solved by Chris Boucher, Salem, MA; Elsie M. Campb ell, Dionne T.
Bailey, & Charl es Dim innie , San Angel o, TX ; Paul M. Harms, North Newton,
KS; David E. Manes, Oneonta, NY; David Stone & John Hawkins, Stat esboro,
GA ; Jon Welch, Pensacola, FL; David C. Wil son, Wi nston-Salem, NC, and
the prop osers.

¥ 4916: Proposed by Isabel Diaz Iriberri and José Luis Diaz-Barrero, Barcelona, Spain.
Let n be a positive integer. Prove that

In(1L+ F2)In(1+ L2) %In?(1+ F,)

where F,, is the n' Fibonacci number and L,, is the n" Lucas number.
Soluti on by Char les R. Di minni e, San Angelo, TX .



To begin, let f(z) = In(1+ e*)! e*. Since, .Li;-m f(z)=0and

62;10

$ —
x) =1 T+ o <0
for all =, we have f () < O for all z. Next, if g(z) = In[In (1 + e%)], then for all z,
x I
() = e and %) = eln(1l+e)! & _ ef (x)

(1+ e”)In(1+ e?) 1+ e)2In2(1+e)  (1+e)2In2(1+ &)
Hence g (x) is concave down for all x and we get
$ %
ety 9@+ g
2 2

=$ In(ln)1+ e%n # In[in (L + e*)] + In[In(1+ e¥)]
2

# In[in(1+ %) In(1+ €Y)]

(1)

( 2) .yt
=$ In In® 1+ eze2
*
y
2

=$ In2 1+ ezez  # In(L+ €%)In(l+ ¢&Y)

for all z,y. If o, 8 > 0, substituting x = 2Ina and y = 2In g in (1) yields

* *

2 ) 2 ) 2
InN“(1+af)#In 1+a° In 1+ 3% . (2)
Since F3,, = F, L, and Fn;Ln >0 for*all n# 1, it follows by (2) that
In 1+ F2 In 1+ L2 %In?(1+ E,L,) = In>(1+ F,).

Remark . Statement (2) is a spedal caseof Problem 3099in the December, 2005issue
of Crux Mathem aticorum .

Al so solved by David Stone & John Hawkins (joi ntly), Statesb oro, GA, and
the prop osers.

¥ 4917: Proposed by José Luis Diaz-Barrero, Barcelona, Spain.

# 1#n n 2- 1/2
Let n be a positive integer. Prove that - _ # 2",
k=0 =0 J

i #k
Soluti on by Dionne Bailey, Elsie Campb ell & Char les Dimi nnie, San Angel o,
TX.

& '
#
We will usethe well-known result n = 2". By the Arith metic Mean - Root Mean
. )
=0 2. g : 6
2
. 14 BT g T,
Square Inequality, we have , — , # — .= fork=0,1,...,n.
hn,, 7 & n_, J n
j #k i #k
Therefore,
. 21
& ' 2 7 & '8
R T n 1
= , # = 2" ) = —[(n+ )21 2" = 2"
kzoé'nj=0 j & " =0 n

j#k

Al so solved by David E. Manes, Oneonta, NY ; David Stone & John Hawkins,
two soluti ons, (jointly), Statesb oro, GA, and the prop oser.



