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This section of the Journal offers readers an opportunity to exchange interesting mathematical
problems and solutions. Proposals are always welcomed. Please observe the following guidelines
when submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on separate sheets, each indicat-
ing the nameand addressof the sender. Drawingsmust be suitab le for reproducti on. Proposals
should be accompanied by solutions. An asterisk (*) indicates that neit her the proposer nor
the editor has supplied a solution.

2. Send submittal s to: Ted Eisenberg, Department of Mathematics, Ben-Gurion University,
Beer-Sheva, Israel or fax to: 972-86-477-648. Quest ions concerning proposalsand/or solutions
can be sent e-mail to: <eisen@math.bgu.ac.il> or to <eisenbt@013.net>.
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Solutions to the problems stated in this issue should be posted before
April 15, 2007

¥ 4948: Proposed by Kenneth Korbin, New York, NY.
The sides of a trian gle have lengths x1, x2, and x3 respecti vely. Find the area of the
tri angle if

(x ! x1)(x ! x2)(x ! x3) = x3 ! 12x2 + 47x ! 60.

¥ 4949: Proposed by Kenneth Korbin, New York, NY.
A convex pentagon is inscribed in a circle with diameter d. Find positiv e integers a, b,
and d if the sidesof the pentagon have lengths a, a, a, b, and b respecti vely and if a > b.
Expressthe area of the pentagon in terms of a, b, and d.

¥ 4950: Proposed by Isabel Dı́az-Iriberri and José Luis Dı́az-Barrero, Barcelona, Spain.
Let a, b, c be positi ve numbers such that abc = 1. Prove that
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¥ 4951: Proposed by José Luis Dı́az-Barrero, Barcelona, Spain.
Let α, β, and γ be the anglesof an acute trian gle ABC. Prove that

π sin

!
α2 + β2 + γ2

π
# α sin

"
α + β sin

"
β + γ sin

"
γ.



¥ 4952: Proposed by Michael Brozinsky, Central Islip, NY & Robert Holt, Scotch Plains,
NJ.
An archeologicalexpedition discovered all dwellings in an ancient civili zation had 1, 2, or
3 of each of k independent features. Each plot of land contained three of these houses
such that the k sums of the number of each of these features were all divisibl e by 3.
Furth ermore, no plot contained two houses wit h identical conÞgurations of features and
no two plots had the same conÞgurations of three houses. Find a) the maximum number
of plots that a house with a given conÞguration might be located on, and b) the maximum
number of distinct possible plots.

¥ 4953: Proposed by Tom Leong, Brooklyn, NY.
Letπ(x) denote the number of primes not exceeding x. Fix a positive integer n and deÞne
sequencesby a1 = b1 = n and

ak+1 = ak ! π(ak) + n, bk+1 = π(bk) + n + 1 for k # 1.

a) Show that lim
k!"

ak is the nth prime.

b) Show that lim
k!"

bk is the nth composite.

Solutions

¥ 4912: Proposed by Kenneth Korbin, New York, NY.
Find an explicit formula for the N th term for the sequence

2, 15, 88, 475, 2472, ááá, tN , ááá

where tN = 10tN# 1 ! 31tN# 2 + 30tN# 3.

Soluti on by Bryce Duncan (st ud ent ), Aubur n U ni versit y-Mon tgomery , AL.

The characteristic equation for the linear recurrence is

λ3 ! 10λ2 + 31λ ! 30 = (λ ! 2)(λ ! 3)(λ ! 5) = 0.

The general formula for tN will be given by tN = α1(2N ) + α2(3N ) + α3(5N ) for someαi.
Using the initial conditi ons with 2, 15, and 88 corresponding to N = 0, 1, 2 respect ively,
we arrive at the linear system:

2 = α1 + α2 + α3

15 = 2α1 + 3α2 + 5α3

88 = 4α1 + 9α2 + 25α3.

Solving th is yields α1 = ! 2/3, α2 = ! 3/2, + α3 = 25/6. And so
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Al so solved by B r ian D. Beasley, Clin t on, SC; Dionne Bai ley, Elsie Camp-
bell , & Ch ar les Di minni e ( joi nt ly), San Angel o, TX; Jos«e Luis D«õaz-Barr ero,
Barcelona, Spai n; R ebecca Du! (studen t), W ayn esbur g Col lege, PA; Paul M.
Harms, Nor t h Newton, KS; N. J. K uenzi, Oshk osh, WI; Davi d E. M anes,



Oneon ta, NY ; R . P. Sealy, Sackvi ll e, New Bruns wic k, Canada; Davi d Stone
& John Ha wkins ( join t ly), St atesb oro, GA; David C. Wil son, Winston-Salem ,
NC, and t he pr oposer.

¥ 4913: Proposed by Kenneth Korbin, New York, NY.
The number 256= 28 has9 positiv e integer divisors which are 1, 2, 4, 8, 16, 32, 64, 128, 256.
Find the smallest number with 256 positive integer divisors.

Soluti on by Paul M. Har ms, North Newton, KS.

Each prime number has two positi ve integer divisors. We also see that any prime factor
raised to the power n has n + 1 positiv e integer divisors. If we multip ly prime factors,
the quantit y of positive integer divisors is the product of the number of positive integer
divisors of each prime factor. For example, 23(3)(5) has 24posit ive integer divisors. For
th is problem weneedprime factors raised to powerswhich have2n posit ive integer divisors
where n is a positive integer. A number like 23 has 4 = 22 posit ive integer divisors and
27 has 8 = 23 posit ive integer divi sors.

To Þnd the number satisfying the problem, I wil l start with all prime numbers raised
to the Þrst power and then decrease the number by changing powers of the smaller
primes and excluding the large primes. The numbers 2(3)(5)(7) (11)(13)(17)(19) has
28 posit ive integer divisors. The following number have 28 posit ive integers divi sors:
23(3)(5)( 7)(11)(13)(17) and N = 23(3)(5)( 7)(11)(13). The next highest power of 2 or
3 that we need is the power of 7. Clearly, numbers like 2733(5)(7)( 11), 2337(5)(11) or
233355(7)(11) are all greater than N . The smallest number which satisÞes the problem is
N = 2333(5)(7)( 11)(13) = 1, 081, 080.

Al so solv ed by Brian D. Beasley , Cl in ton, SC; Pat Cost ell o, R ichmond, KY ;
Bryce D uncan, M ont gomery , A L ; Je! Her rin, R ichmond, K Y; Bry an Ho ward,
W etum pka, A L; N. J. K uenzi, Oshk osh, WI; Carl Libis, Ki ngst on, RI; David
E. Man es, On eonta, NY ; Ch ar les McC racken, Dayton, OH; Yair Muli an, Beer-
Sheva, Isr ael; R . P. Sealy, Sackvil le, New Bru nswic k, Canad a; April Spear s,
Ric hmond, K Y; David Stone & John Ha wki ns (j oin tl y), State sboro, GA ;Da vid
C. Wi lson, Wi nston- Salem, NC, and the prop oser.

¥ 4914: Proposed by Kenneth Korbin, New York, NY.
Find three primitiv e Pyt hagorean trian gles which all have the same length perimeter
14280.

Soluti on by Davi d C. Wi lson, Wi nston- Salem, NC.

The three sides of a PPT are m2 ! n2, 2mn, m2 + n2 where(m,n) = 1 and m and n
have di!e rent parit y. Since the perimeter must be 14280, (m2 ! n2) + 2mn + (m2 +

n2) = 14280=$ m2 + mn = 7140 =$ n =
7140
m

! m. Thus, m must be a divisor of

7140 = 22 á3 á5 á7 á17. There are 48 divi sors of 7140, but we need to check only the
24 divisors between 1 and 85.The only three that work are m = 60, 68, 84. If m = 60,
then n = 59 and the sides are 119, 7080, 7081; if m = 68, then n = 37 and the sides are
3255, 5032, 5993;and if m = 84, then n = 1 and the sides are 7055, 168, 7057.

Al so solv ed by Charles Ash bacher, Cedar Rapids, IA; Brian D. Beasley, Cl in-
ton, SC; Elsie M. Campb ell , Dionne T. Bail ey, & Char les Di mi nn ie (j oin tl y),
San Angel o, TX ; Pat Costel lo, R ichmond, K Y; Wil liam R . Kl inger, Up-



land, IN; N. J. K uenzi , Oshkosh, WI; Pet er E. Lil ey, Lafayette, IN; David
E. Manes ,Oneon ta, NY; Ch arl es McCr acken, Dayton, OH; A mi hai Men uh in,
Beer-Shev a, Isr ael; John Nord, Spokane, WA; R. P. Sealy, Sackvi ll e, New
Brun swick, Canada; Har ry Sedinger, St. Bona venture, NY ; Bor is Rays &
Jahangeer K holdi ( join t ly), Lando ver, MD & Por tsmouth, VA (res pect iv ely);
David Stone & John Ha wkins (j oin tl y), Statesb or o, GA ; and the prop oser.

This problem was also solv ed by the fol lowing studen ts at Tayl or Un iversi t y:
Ben Di ener & Ne il Long (joi ntly), K evin Li ttle , Aaron Ho esl i, & Jonas Herum
(j oin tl y), David Kasp er , Reb ekah Bergens & Daryl Henry ( join t ly); and by the
fol lowing studen t s at East ern Ken tuc ky U ni versit y: Charles Gro ce, Ceyh un
Fer ik & Yongb ok Lee ( join t ly); April Spears, and Mar t ina Bra y.

¥ 4915: Proposed by Isabel Dı́az Iriberri and José Luis Dı́az-Barrero, Barcelona, Spain.
Find the following sums:

(a)
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Soluti on by Brian D. Beasley, Cl in ton, SC.
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so the series telescopes to the sum 1003(2)= 2006.

(b) We have
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Al so solved by Chr is Bou cher , Salem, M A ; Elsie M. Campb ell, Dionne T.
Bai ley, & Ch arl es Dim innie , San Angel o, TX ; Paul M. Harms, North Newton,
KS; Davi d E. Manes, Oneon ta, NY; Davi d Stone & John Ha wkins, Stat esboro,
GA ; Jon W elch, Pensacola, FL ; Davi d C. Wil son, Wi nst on-Salem , NC , and
the prop oser s.

¥ 4916: Proposed by Isabel Dı́az Iriberri and José Luis Dı́az-Barrero, Barcelona, Spain.
Let n be a positive integer. Prove that

ln(1 + F 2
n ) ln(1 + L2

n) % ln2(1 + F2n)

where Fn is the nth Fibonacci number and Ln is the nth Lucas number.

Soluti on by Char les R . Di minni e, San Angelo, TX .



To begin, let f (x) = ln (1 + ex) ! ex. Since, lim
x!#"

f (x) = 0 and

f$(x) = !
e2x

1 + ex
< 0

for all x, we have f (x) < 0 for all x. Next, if g (x) = ln [ln (1 + ex)], then for all x,
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Hence, g (x) is concave down for all x and we get
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for all x, y. If α, β > 0, substitu tin g x = 2ln α and y = 2ln β in (1) yields
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Since F2n = FnLn and Fn, Ln > 0 for all n # 1, it follows by (2) that
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R emark . Statement (2) is a special caseof Problem 3099 in the December, 2005 issue
of Cr ux Mathem aticorum .

Al so solved by Davi d Stone & John Ha wkins (joi ntl y), Statesb or o, GA, and
the prop oser s.

¥ 4917: Proposed by José Luis Dı́az-Barrero, Barcelona, Spain.

Let n be a positive integer. Prove that
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Soluti on by Di onne Bai ley, Elsie Campb ell & Char les Dimi nnie, San Angel o,
TX.

We will use the well -known result
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[(n + 1) 2n ! 2n] = 2n.

Al so solved by D avid E. Manes , Oneon ta, NY ; David St one & John Ha wkins,
two soluti ons, (j oin tl y), Statesb or o, GA , and the prop oser.


