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Thi s section of the Journal o!ers readers an opportunity to exchangeinteresting mathematical
problemsand solutions. Proposals are alwayswelcomed. Pleaseobservethe following guidelines
when submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on separate sheets, each indicat-
ing the nameand addressof the sender. Drawingsmust be suitab le for reproducti on. Proposals
should be accompanied by solutions. An asterisk (*) indicates that neit her the proposer nor
the editor has supplied a solution.

2. Send submittal s to: Ted Eisenberg, Department of Mathematics, Ben-Gurion University,
Beer-Sheva, Israel or fax to: 972-86-477-648. Quest ions concerning proposalsand/or solutions
can be sent e-mail to: < eisen@math.bgu.ac.il> or to < eisenbt@013.net> .
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Solutions to the problemsstated in this issue should be posted before
May 1, 2007

¥ 4954: Proposed by Kenneth Korbin, New York, NY.

Find four pairs of positiv e integers(a,b) that satisfy

a + i
a ! i

á
b+ i
b! i

=
111+ i
111! i

with a < b.

¥ 4955: Proposed by Kenneth Korbin, New York, NY.

Between 100 and 200 pairs of red sox are mixed together with between 100 and 200 pairs
of blue sox. If three sox are selected at random, then the probabili ty that all three are
the same color is 0.25. How many pairs of sox were there altogether?

¥ 4956: Proposed by Kenneth Korbin, New York, NY.

A circle with radius 3
"

2 is inscribed in a trap ezoid having legs with lengths of 10 and
11. Find the lengths of the bases.

¥ 4957: Proposed by Jos«e Lui s D«õaz-Barrero, Barcelona, Spain.

Let { an} n! 0 be the sequence deÞned by a0 = 1, a1 = 2, a2 = 1 and for all n # 3,
a3

n = an" 1an" 2an" 3. Find lim
n#$

an .

¥ 4958: Proposed by Jos«e Lui s D«õaz-Barrero, Barcelona, Spain.

Let f : [a, b] $ R ( 0 < a < b) be a continuous function on [a,b] and derivable in (a,b).



Prove that there exists a c %(a,b) such that

f %(c) =
1

c
"

ab
á

ln(ab/c2)
ln(c/a ) áln(c/b)

.

¥ 4959: Proposed by Juan-Bosco Romero M«arquez, Valladolid, Spain.

Find all numbers N = ab, were a,b = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, such that

[S(N )]2 = S(N 2),

where S(N)=a+b is the sum of the digits. For example:

N = 12 N 2 = 144
S(N ) = 3 S(N 2) = 9 and [S(N)] 2 = S(N2).

Solutions

¥ 4918: Proposed by Kenneth Korbin, New York, NY.

Find the dimensions of an isosceles tri angle that has integer length inradius and sidesand
which can be inscribed in a circle with diameter 50.

Soluti on by Paul M. Har ms, North Newton, KS.

Put the circle on a coordinate system with center at (0, 0) and the vertex associated with
the two equal sidesat (0, 25). Also make the side opposite the (0, 25) vertex parallel to
the x-axis. Using (x, y) as the vertex on the right side of the circle, we have x2 + y2 =
252 = 625. Let d be the length of the equal sides. Using the right tri angle with vertices
at (0, 25), (0, y), and (x, y) we have (25 ! y)2 + x2 = d2.

Then d2 = (25 ! y)2 + (252 ! y2) = 1250! 50y; the semi-perimeter s = x + d and the

inradius r =

!
x2(d ! x)

d + x
. Using x2 + y2 = 252, we wil l check to see if x = 24 and y = 7

satisÞes the problem. The number d2 = 900, so d = 30. The inradius r =

!
242(6)

54
= 8.

Thus the isosceles t riangle with side lengths 30, 30, 48 and r = 8 satisÞes the problem. If
x = 24 and y = ! 7, then d = 40 and r = 12. The isosceles tr iangle with side lengths
40, 40, 48 and r = 12 also satisÞesthe problem.

Al so solved by Di onne Bail ey, Elsie Campbell, and Charles Di minni e (j oin tl y),
San Angel o, TX; Peter E. L i ley, Lafayette, IN; Davi d E. Manes, Oneon ta, NY ;
David Stone and John Ha wkins , Stat esboro, GA; Davi d C. Wil son, Winston-
Salem , NC , and the prop oser .

¥ 4919: Proposed by Kenneth Korbin, New York, NY.

Let x be any even positiv e integer. Find the value of

x/ 2"

k=0

#
x ! k

k

$

2k.



Soluti on by Dionne Baile y, Elsie Campb ell , and Charles Di minni e (j oin tl y),
San A ngelo, TX.

To simplif y matters, let x = 2n and

S (n) =
n"

k=0

#
2n ! k

k

$

2k.

Since #
m
i

$

=

#
m ! 1
i ! 1

$

+

#
m ! 1

i

$

for m # 2 and 1 & i & m ! 1, we have
#

2n + 4 ! k
k

$

=

#
2n + 3 ! k

k ! 1

$

+

#
2n + 3 ! k

k

$

=

#
2n + 3 ! k

k ! 1

$

+

#
2n + 2 ! k

k ! 1

$

+

#
2n + 2 ! k

k

$

=

#
2n + 3 ! k

k ! 1

$

+

#
2n + 3 ! k

k ! 1

$

!

#
2n + 2 ! k

k ! 2

$

+

#
2n + 2 ! k

k

$

=

#
2n + 2 ! k

k

$

+ 2

#
2n + 3 ! k

k ! 1

$

!

#
2n + 2 ! k

k ! 2

$

for n # 1 and 2 & k & n + 1.

Therefore, for n # 1,

S (n + 2) =
n+2"

k=0

#
2n + 4 ! k

k

$

2k

= 1 + (2n + 3) á2 +
n+1"

k=2

#
2n + 4 ! k

k

$

2k + 2n+2

= 1 + (2n + 3) á2 +
n+1"

k=2

#
2n + 2 ! k

k

$

2k + 2
n+1"

k=2

#
2n + 3 ! k

k ! 1

$

2k

!
n+1"

k=2

#
2n + 2 ! k

k ! 2

$

2k + 2n+2

= 4 +
n+1"

k=0

#
2n + 2 ! k

k

$

2k + 2
n"

k=1

#
2n + 2 ! k

k

$

2k+1 !
n" 1"

k=0

#
2n ! k

k

$

2k+2 + 2n+2

= S (n + 1) + 4
n+1"

k=0

#
2n + 2 ! k

k

$

2k !
n" 1"

k=0

#
2n ! k

k

$

2k+2 ! 2n+2

= 5S (n + 1) ! 4
n"

k=0

#
2n ! k

k

$

2k

= 5S (n + 1) ! 4S (n) .

To solve for S (n), we use the usual techniques for solving homogeneouslinear di!erence
equations with constant coe"cie nts. If we look for a solution of the form S (n) = tn ,
with t '= 0, then



S (n + 2) = 5S (n + 1) ! 4S (n)

becomes
t2 = 5t ! 4,

whosesolutions are t = 1, 4. This implies that the generalsolution for S (n) is

S (n) = A á4n + B á1n = A á4n + B ,

for some constants A and B . The initial condition s S (1) = 3 and S (2) = 11 yield A =
2
3

and B =
1
3

. Hence,

S (n) =
2
3

á4n +
1
3

=
22n+1 + 1

3
for all n # 1. The Þnal solution is

x/ 2"

k=0

#
x ! k

k

$

2k =
2x+1 + 1

3

for all even positive integers x.

Al so solved by Davi d E. M anes, Oneon ta, NY, David Stone, John Ha wkins,
and Scott Kersey (j oin tl y), St atesb oro, GA, and t he pr oposer.

¥ 4920: Proposed by Stanley Rabinowitz, Chelmsford, MA.

Find posit ive integersa,b, and c (each less than 12) such that

sin
a!
24

+ sin
b!
24

= sin
c!
24

.

Soluti on by John Boncek, M ont gomery , A L.

Recall the standard trigonometr ic ident it y:

sin(x + y) + sin(x ! y) = 2sinx cosy.

Let x + y =
a!
24

and x ! y =
b!
24

. Then

sin
a!
24

+ sin
b!
24

= 2sin
(a + b)!

48
cos

(a ! b)!
48

.

We can make the right hand side of this equation equal to sin
c!
24

if we let a ! b = 16 and

a + b = 2c, or in other words, by choosing a value for c and then taking a = 8 + c and
b = c ! 8.

Sincewe want positi ve solutions, we start by taki ng c = 9. This gives us a = 17 and b = 1.

Since sin
17!
24

= sin
7!
24

, replacea = 17 by a = 7 and we have a solution a = 7, b = 1 and
c = 9.

By taking c = 10 and c = 11 and using the sameanalysis,we obtain two addit ional tri ples
that solve the problem, namely: a = 6, b = 2, c = 10 and a = 5, b = 3, c = 11.



Al so solv ed by Brian D. Beasle y, Cl in ton, SC; Elsie M . Campb ell , Dionne
T. B aile y, and Charles Dim innie (joi ntly), San A ngelo, TX ; Paul M. Harms,
North New t on, K S; Ke nnet h Korbin, NY, NY; Peter, E. L i ley, Lafa yett e,
IN; David E. Manes , Oneon ta, NY ; David St one and John Ha wkins (j oin tl y),
Statesb or o, GA , and the prop oser.

¥ 4921: Proposed by Jos«e Lui s D«õaz-Barrero, Barcelona, Spain.

Evaluate
%! / 2

0

cos2006 x + 2006sin2 x
2006+ sin2006 x + cos2006 x

dx.

Soluti on by Mic hael C. Faleski, M idland, MI.

Call this integral I . Now, subst itute sin2 x = 1 ! cos2 x and add to the numerator
sin2006 x ! sin2006 x to give

I =
%! / 2

0

2006+ sin2006 x + cos2006 x ! (2006cos2 x + sin2006 x)
2006+ sin2006 x + cos2006x

dx

=
%! / 2

0
dx !

%! / 2

0

2006cos2 x + sin2006 x
2006+ sin2006 x + cos2006 x

dx.

The second integral can be transformed with u = ! / 2 ! x to give

%! / 2

0

2006cos2 x + sin2006 x
2006+ sin2006 x + cos2006 x

dx = !
%0

! / 2

cos2006 u + 2006sin2 u
2006+ sin2006 u + cos2006 u

du = I .

Hence, I =
&! / 2

0 dx ! I =( 2I =
!
2

=( I =
!
4

.

%! / 2

0

cos2006 x + 2006sin2 x
2006+ sin2006 x + cos2006 x

dx =
!
4

.

Al so solv ed by Brian D. Beasley , Clin t on, SC; Elsie M . Campbell, Dionne T.
Bai ley, and Char les Di mi nni e (joi ntly) , San Angel o, TX; Ovidiu Fur dui , Kal a-
mazo o, MI; Paul M. Harms, Nor t h New t on, K S; Davi d E. M anes, Oneon ta,
NY; David Stone and John Ha wki ns (j oin tl y), Statesb or o, GA , and the pro-
poser .

¥ 4922: Proposed by Jos«e Lui s D«õaz-Barrero, Barcelona, Spain.

Let a,b be real numbers such that 0 < a < b and let f : [a, b] $ R be a conti nuous
function in [a, b] and derivable in (a,b). Prove that there exists c %(a,b) such that

cf (c) =
1

ln b! ln a

%b

a
f (t) dt.

Soluti on by Davi d E. Manes, Oneon ta, NY .

For each x % [a,b], deÞne the function F (x) so that F (x) =
&x

a f (t)dt. Then F (b) =
&b

a f (t)dt, F (a) = 0 and, by the Fundamental Theorem of Calculus, F %(x) = f (x) for each
x %(a,b).

Let g(x) = ln(x) be deÞned on [a,b]. Then both functions F and g are continuous on

the closed interval [a, b] and di!e rent iable on the open interval (a, b) and g%(x) =
1
x

'= 0



for each x %(a,b). By the Ext ended Mean-Value Theorem, there is at least one number
c %(a,b) such that

F %(c)
g%(c)

=
F (b) ! F (a)
g(b) ! g(a)

=

%b

a
f (t)dt

ln b! ln a
.

Since
F %(c)
g%(c)

= cf (c), the result follows.

Al so solv ed by Mic hael Brozinsky , Cent r al Isli p, NY ; Elsie M . Campb ell ,
Dionne T. Bail ey, and Ch arl es Di minni e (j oin tl y), San Angel o, TX; Paul M.
Harms, Nor th Newton, KS; David Stone and John Ha wk ins (j oin tl y), States-
bor o, GA , and the prop oser.

¥ 4923: Proposed by Mi chael Brozinsky, Central Islip, NY.

Show that if n # 6 and is composite, then n divides (n ! 2)!.

Soluti on by Brian D. Beasley, Cl in ton, SC.

Let n be a composite integer with n # 6. We consider two cases:

(i) Assumen is not the square of a prime. Then we may write n = ab for integers a and
b with 1 < a < b < n ! 1. Thus a and b are distinct and are in { 2, 3, . . . , n ! 2} , so n = ab
divides (n ! 2)!.

(ii ) Assumen = p2 for some odd prime p. Then n ! 2 = p2 ! 2 # 2p, since p > 2. Hence
both p and 2p are in { 3, 4, . . . , n ! 2} , so n = p2 divides (n ! 2)!.

Al so solved by Elsie M . Campb ell, Dionne T. Bai ley, and Charles Dim innie
(j oin tl y), San Angel o, TX ; Luk e Dr yl ie (studen t , Old Domi nion U.) , Chesa-
peake, VA; Kenneth Korbin, NY , NY ; Paul M. Harms, North Ne wton, KS;
Jahangeer K holdi , Portsmouth, VA ; N. J. Kuenzi , Oshk osh, WI; David E.
Manes , Oneon ta, NY ; Charles McC racken, Dayton, OH; Boris R ays, Chesa-
peake, VA ; Harry Sedinger , St. Bona ventur e, NY ; David Stone and John
Ha wkins (joi ntl y) , St atesb oro, GA, and the pr oposer.

¥ 4924: Proposed by Kenneth Korbin, New York, NY.

Given
$"

N =1

FN

K N = 3 whereFN is the N th Fibonacci number. Find the value of the positiv e

number K .

Soluti on by R. P. Sealy, Sackvil le, New Bruns wic k, Canad a.

The ratio test along wit h the fact that lim
n#$

Fn+1

Fn
=

1 +
"

5
2

impl ies
$"

n=1

Fn

K n converges

for K >
1 +

"
5

2
. Then

3 =
$"

n=1

Fn

K n =
1
K

+
1

K 2 +
$"

n=3

Fn

K n

=
1
K

+
1

K 2 +
$"

n=3

Fn" 1 + Fn" 2

K n

=
1
K

+
1

K 2 +
1
K

$"

n=3

Fn" 1

K n" 1 +
1

K 2

$"

n=3

Fn" 2

K n" 2



=
1
K

+
1

K 2 +
1
K

'
3 !

1
K

(
+

3
K 2

=
4
K

+
3

K 2 ( K =
2 +

"
13

3
.

Al so solv ed by Brian D. Beasley , Clin t on, SC; Sam Br otherton (studen t,
R ockd ale M agnet School For Science and Technology), Conyers, GA; Elsie
M. Campb ell, Di onne T. Bail ey, and Char les Dim innie (joi ntly) , San Angel o,
TX; Jos«e Luis D«õaz-Bar rero, Barcelona, Spain; Lu ke Dr yl ie (studen t, Old Do-
mi nion U.) , Chesap eake, VA ; Paul M. Harms, Nor t h New t on, K S; Jahan geer
Khol di and Boris R ays (joi ntly) , Por t smouth, VA & Chesapeake,VA (r espec-
ti vely); N. J. Kuenzi , Oshkosh, WI; Tom Leong, Scotr un, PA ; David Stone
and John Ha wki ns (joi ntly), Stat esboro, GA, and the prop oser .

¥ 4925: Proposed by Kenneth Korbin, New York, NY.

In the expansion of

x4

(1 ! x)3(1 ! x2)
= x4 + 3x5 + 7x6 + 13x7 + ááá

Þnd the coe"c ient of the term with x20 and with x21.

Soluti on 1 by Br ian D. Beasley , Cl in t on, SC.

We have

1
(1 ! x)3(1 ! x2)

=
1

(1 ! x)4(1 + x)

= (1 ! x + x2 ! x3 + ááá)(1 + x + x2 + x3 + ááá)4

= (1 ! x + x2 ! x3 + ááá)(1 + 2x + 3x2 + 4x3 + ááá)2

= (1 ! x + x2 ! x3 + ááá)(1 + 4x + 10x2 + 20x3 + ááá),

where the coe"c ients of the second factor in the last line are the binomial coe"c ients
C(k, 3) for k = 3, 4, 5, . . .. Hence, allowing for the x4 in the original numerator, the
desiredcoe"c ient of x20 is

19"

k=3

C(k, 3)(! 1)19" k = 525.

Similarly, the desired coe" cient of x21 is
20"

k=3

C(k, 3)(! 1)20" k = 615.

Soluti on 2 by Tom Leong, Scotrun, PA.

Equivalently , we Þnd the coe" cients of x16 and x17 in

1
(1 ! x)3(1 ! x2)

. (1)



We usethe following well-known generating functi ons:

1
1 ! x2 = 1 + x2 + x4 + x6 + ááá

1
(1 ! x)m+1 =

#
m
m

$

+

#
m + 1

m

$

x +

#
m + 2

m

$

x2 +

#
m + 3

m

$

x3 + ááá.

A decompositi on of (1) is

1
(1 ! x)3(1 ! x2)

=
1
2

1

(1 ! x)4 +
1
4

1

(1 ! x)3 +
1
8

1

(1 ! x)2 +
1
8

1
(1 ! x)

.

Thus the coe" cient of xn is

1
2

#
n + 3

3

$

+
1
4

#
n + 2

2

$

+
1
8

#
n + 1

1

$

+
1
8

=
(n + 2)(n + 4)(2n + 3)

24
if n is even

or

1
2

#
n + 3

3

$

+
1
4

#
n + 2

2

$

+
1
8

#
n + 1

1

$

=
(n + 1)(n + 3)(2n + 7)

24
if n is odd.

Sothe coe" cient of x16 is
18á20ááá35

24
= 525and the coe"cie nt of x17 is

18á20ááá41
24

=
615.

Soluti on 3 by Paul M . Harms, North Newton, KS.

When
! 1 < x < 1,

1
1 ! x

= 1 + x + x2 + ááá.

Taking two derivatives, we obtain for

! 1 < x < 1,
2

(1 ! x)3 = 2 + 3(2)x + 4(3)x2 + ááá.

When

! 1 < x < 1,
x4

1 ! x2 = x4 + x6 + x8 + ááá.

The seriesfor
x4

(1 ! x)3(1 ! x2)
can be found by multi plyi ng

1
2

á
2

(1 ! x)3 á
x4

(1 ! x2)
=

1
2

)
2+3(2) x+4(3) x2+ ááá+18(17)x16+19(18)x17+ ááá

*)
x4+ x6+ x8+ ááá

*
.

The coe" cient of x20 is

1
2

)
18(17)+ 16(15)+ 14(13)+ ááá4(3) + 2

*
= 525.

The coe" cient of x21 is

1
2

)
19(18)+ 17(16)+ 15(14)+ ááá5(4) + 3(2)

*
= 615.

Commen t: Jahangeer Kholdi and Boris R ays noticed that the coe"c ients in x4 +
3x5+ 7x6+ 13x7+ 22x8+ 34x9+ 50x10+ ááá, are the partial sumsof the alternate tr iangular



numbers. I.e., 1, 3, 1+ 6, 3+ 10, 1+ 6+ 15, 3+ 10+ 21, ááá, which leadsto the coe"cie nts
of x20 and x21 being 525 and 615 respectively.

Al so solv ed by Mic hael Brozinsky , Cent r al Isli p, NY ; Elsie M . Campb ell ,
Dionne T. Bail ey, and Charle s Di minni e (joi ntl y) , San Angelo, TX ; Jos«e Lui s
D«õaz-Barr ero, Bar celona, Spain; Jahangeer K holdi and Boris Rays (j oin tl y),
Portsmouth, VA & Chesap eake,VA (r especti vely) ; Pet er E. Li ley, Lafa yett e,
IN; John Nor d, Spokane, WA ; Harry Sedinger , St . Bona venture, NY ; David
Stone and John Ha wkins (j oin tl y), St atesb oro, GA, and t he pr oposer.

¥ 4926: Proposed by Jos«e Lui s D«õaz-Barrero, Barcelona, Spain.

Calculate
$"

n=1

nF 2
n

3n

where Fn is the nth Fibonacci number deÞned by F1 = F2 = 1 and for n # 3, Fn =
Fn" 1 + Fn" 2.

Soluti on by Davi d Stone and John Ha wkins, Sta tesboro, GA.

By BinetÕsFormula, Fn =
" n ! #n

"
5

, where " and # are the solutions of the quadratic

equation x2 ! x ! 1 = 0; " =
1 +

"
5

2
, # =

1 !
"

5
2

.

Note that a ! b =
"

5, " á# = ! 1, " 2 + #2 = 3, and " 6 + #6 = 18. Al so recall from

calculus that
$"

n=1

nxn =
x

(1 ! x)2 for |x| < 1. Thus we have

$"

n=1

nF 2
n

3n =
$"

n=1

n
3n

" 2n ! 2" n#n + #2n

5

=
$"

n=1

n
3n

" 2n ! 2(! 1)n + #2n

5

=
1
5

+ $"

n=1

n
'

" 2

3

( n

! 2
$"

n=1

n
'

! 1
3

( n

+
$"

n=1

n
'

#2

3

( n
,

=
1
5

- " 2

3)
1 ! " 2

3

* 2 ! 2
" 1
3)

1 + 1
3

* 2 +
#2

3)
1 ! #2

3

* 2

.
, valid because

#2

3
<

" 2

3
< 1;

=
1
5

-
3" 2

[3 ! " 2]2
+

3
8

+
3#2

[3 ! #2]2

.

=
3
5

-
" 2

[#2]2
+

1
8

+
#2

[" 2]2

.
because" 2 + #2 = 3,

=
3
5

-
1
8

+
" 6 + #6

" 4#4

.
by algebra,



=
3
5

-
1
8

+
18
1

.
=

87
8

.

Al so solv ed by Brian D. Beasle y, Cl in ton, SC; Elsie M . Campb ell , Dionne
T. B aile y, and Charles Dim innie (joi ntly), San A ngelo, TX ; Paul M. Harms,
North Newton, KS; Tom Leong, Scotrun , PA, and the prop oser.

¥ 4927: Proposed by Jos«e Lui s D«õaz-Barrero and Miquel Grau-S«anchez,Barcelona, Spain.

Let k be a positive integer and let

A =
$"

n=0

(! 1)n

2k(2n + 1)
and B =

$"

n=0

(! 1)n

+ 2k"

m=0

(! 1)m

(4k + 2)n + 2m + 1

,

.

Prove that
B
A

is an even integer for all k # 1.

Soluti on by Tom Leong, Scotr un, PA .

Note that insidethecurly braces in theexpression for B , the terms of the (alternating) sum
are the reciprocalsof theconsecutiv eodd numbers from (4k+ 2)n+ 1 to (4k+ 2)n+ (4k+ 1).
As n = 0, 1, 2, . . ., the reciprocal of every positive odd number appears exactl y once in
th is sum (disregarding its sign). Thus

B =
$"

n=0

+ 2k"

m=0

(! 1)m+ n

(4k + 2)n + 2m + 1

,

=
$"

i =0

(! 1)i

2i + 1

from which we Þnd
B
A

= 2k. (In fact, it is well-known that B = ! / 4.)

Commen t by Editor: This problem was incorrectly stated when it was initial ly posted
in the May, 06 issue of SSM. The authors reformulated it, and the correct statement of
the problem and its solution are listed above. The corrected version was also solved by
Paul M. Harms of North Newton, KS.

¥ 4928: Proposed by Yair Mulian, Beer-Sheva,Israel.

Prove that for all natural numbers n
%1

0

2x2n+1

x2 ! 1
dx =

%1

0

xn

x ! 1
+

1
x + 1

dx.

Commen t by Edit or : The integrals in their present form do not exist, and I did not
see this when I accepted thi s problem for publication. Some of the readers rewrote
the problem in what they described as Òits more common form;Ó i.e., to show that
%1

0

2x2n+1

x2 ! 1
!

'
xn

x ! 1
+

1
x + 1

(
dx = 0. But I believe that one cannot legiti mately recast

the problem in this manner, because the
&b

a (f (x) + g(x))dx =
&b

a f (x)dx +
&b

a g(x)dx if,
and only if, f (x) and g(x) is each integrable over theselimits. So as I see it, the problem
as it was originally stated is not solvable. Mea culpa, once again.



¥ 4929: Proposed by Mi chael Brozinsky, Central Islip, NY.

An archaeological expedition uncovered 85 houses. The ßoor of each of thesehouseswasa
rectangular area covered by mn til es wherem & n. Each til ewasa 1 unit by 1 unit square.
The til es in each house were all white, except for a (non-empty) square conÞguration of
blue tiles. Among the 85 houses, all possible square conÞgurations of blue til es appeared
onceand only once. Find all possible valuesof m and n.

Soluti on by D ionne Bai ley, Elsie Campb ell , and Char les Dim innie, San Angel o,
TX.

Assume that each conÞguration of blue tiles is a k ) k square. Since m & n and each
such conÞguration was non-empty, it follows that k = 1, 2, . . . , m. For each value of k,
there are (m ! k + 1) (n ! k + 1) possible locations for the k ) k conÞgurati on of blue
til es. Sinceeach arrangement appeared once and only onceamongthe 85 houses, we have

85 =
m"

k=1

(m ! k + 1) (n ! k + 1)

=
m"

k=1

(m + 1) (n + 1) ! (m + n + 2)
m"

k=1

k +
m"

k=1

k2

= m (m + 1) (n + 1) ! (m + n + 2)
m (m + 1)

2
+

m (m + 1) (2m + 1)
6

=
m (m + 1)

6
[3n ! (m ! 1)]

or
m (m + 1) [3n ! (m ! 1)] = 510. (1)

This implies that m and m + 1 must be consecutive factors of 510. By checking all 16
factors of 510, we see that the only possible values of m are 1, 2, 5. If m = 2, (1) does
not produce an integral solution for n. If m = 1 or 5, equation (1) yields n = 85 or 7
(respecti vely). Therefore, the only solutions are (m, n) = (1, 85) or (5, 7).

Al so solv ed by Tom Leong, Scotrun, PA; Paul M. Har ms, Nor t h Newton,
KS; Harr y Sedinger, St. Bon aventur e, NY; Davi d Stone and John Ha wki ns
(j oin tl y), St atesb oro, GA, and t he pr oposer.


