Probl ems Ted Eiserberg, Sectian Editor
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This section of the Journal olers readers an opportunity to exchangeinteresting mathematical
problemsand solutions. Proposak are alwayswelcomed. Pleaseobservethe following guidelines
when submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on separate sheets, each indicat-
ing the name and address of the sender. Drawings must be suitable for reproduction. Proposals
should be accompanied by solutions. An asterisk (*) indicates that neither the proposer nor
the editor has supplied a solution.

2. Send submittals to: Ted Eisenberg, Department of Mathematics, Ben-Gurion University,
Beer-Sheva, Israel or fax to: 972-86-477-648. Questions concerning proposals and/or solutions
can be sent e-mail to: <eisen@nath.bgu.acil> or to <eisenbt@013.net.

Solutions to the problemsstated in this issue shoul be posted before
March 15, 2007

e 4942: Proposeal by Kenneth Korbin, New York, NY.

Given positive integers a and b. Find the minimum and the maximum possible values of

—1
the sum (a-+ by it =L — 2007,
a+b
e 4943: Proposeal by Kenneth Korbin, New York, NY.

Given quadrilateral AB CD with AB = 19, BC =8, CD = 6, and AD = 17. Find the
area of the quadrilateral if both AC and BD also have integer lengths.

e 4944: Proposeal by JamesBush, Waynesbug, PA.

Independent yandom numbers.a and b are generated from the interval [—1, 1] to fill the
- 2 2
a a“+b

2_b a2 Find the probability that the matrix A has two real

matrix A =

eigenvalues.

e 4945: Proposeal by Jose Luis D&az-Barrero, Barcelona, Sgain.
Prove that

S, . 2, 2
1742 L+l +Li, " =L243L2, +5LnLns
k=1

where L, is the n™ Lucas number defined by Lo = 2,L1 =1 and for alln > 2,L, =
I—n—l + I—n—2-

e 4946: Proposeal by Isabel D@&azhi berri and Jose Luis D&az-Barrero, Barcelona, Spain.



Let z1,Z> be nonzero complex numbers. Prove that
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4947: Proposel by Tom Leong, Brooklyn, NY.

Define a set S of positive integers to be among composites if for any positive integer n,
there exists an X € S such that all of the 2n integers X £1,X £ 2,...,X +n are composite.
Which of the following sets are among composites? (a) The set {a + dk|k € N } of terms
of any given arithmetic progression with a,d € N,d> 0. (b) The set of squares. (c) The
set of primes. (d)* The set of factorials.

Solutions

4906: Proposa by Kenneth Korbin, New York, NY.

Given hexagon AB CDEF with sides AB =BC =CD =DE =EF = 1.
Find the length of side AF so that the area is maximum.

Solution by Harry Sedinger, St. Bonaventure, NY.

It is well known that a polygon with sides of equal length has maximum area when it is
also regular. In this case, the hexagon is half of a ten sided polygon P with sides of length
one. Thus the area of the hexagon is maximum when P is regular. In this case, the side
from A to F is the diameter of P and is well known to be equal to 1/sin 18°.

Comment by David E. Manes, Oneonta, NY. The solution follows from a more
general result; namely, given an N —gon with N — 1 sides of unit length, then the length of
the remaining side that maximizes the area of the n —gon is csc(! / (2n —2)). A beautiful
proof of this result attributed to Murray Klamkin is given in In PolyaOsFootsteps, (R.
Honsberger, MAA, 1997, p. 30). Note that n=6 yields the stated result.

Also solved by Tom Leong, Brooklyn, NY; Boris Rays & Jahangeer, Kholdi
(jointly), Landover, MD & Portsmouth, MD (respectively), and the proposer.

4907: Proposal by Kenneth Korbin, New York, NY.

(a) Find the dimensions of all integer sided triangles with perimeter P > 200 and with
area K = 2P.

(b) Find the dimensions of all integer sided triangles with perimeter P > 2000 and with
area K = 3P.

Solution by David Stone and John Hawkins (jointly), Statesboro,GA.

Surprisingly, there don’t seem to be many solutions. Triangles with integer sides and
integer area are known as integer Heronian triangles (see Math Wold at wolfram.com).
There are infinitely many such triangles, but the given conditions place severe restrictions
on their size.

If a,b,c are the sides of such a triangle, with perimeter a + b+ ¢ and semiperimeter
S = (a+b+c)/ 2, then the area is given by Heron’s Formulaas K = s(s —a)(s —b)(s—c).
For (a) we believe there are three solutions:

(18,289,305) P =612 K =1224
(19,153,170) P =342 K =684
(21,85,104) P =210 K = 420.



And for (b) there is exactly one solution:
(38,1369,1405) P =2812 K = 8436.

We have much supporting evidence, but no conclusive proof, that these are all of the
solutions. We also have a general conjecture.

Conjecture: For any fixed scaling fctor r, there are only finitely many integer Heronian
triangles with K =rP. The largest such triangle is:

(4r2 42, (4r2 4+ 1)2,16r* +12r2 +1) P =4(2r2 + 1)(4r2+1) K =4r(2r2 +1)(4r? +1).

Here is the method: Noting that each side of the triangle must be less than the semiperime-
ter S, we introduce a new parameter: Let S = ¢+ €. where € > 1. That is, (a +
b+c)/2=c+esoc=a+b—-2eP =2@aa+b—-e) and s=a+ b— e Moreover,
K2=s(s—a)(s—b)(s—c)=(a+b—e)b—e)(a—ee

Now, imposing the condition K =rP or K? =r?P? we have (a+b—e)(b—e)(a—e)e=
4r?a

r222(a+b— e)? and solving for b, we find that b= e + se_ & a2 Because b and e

are integers, this implies that ae — € — 4r2 must be a divisor of 4r2a. There are many

such divisors, but the simplest is 1: set ae — € —4r2 =1, so e(a — e) = 4r? 4 1.

Again there may be many ways for € and a — e to achieve a factorization of 4r? 4+ 1, but
we select a simple factorization: set € = 4r2 4+ 1 and a— e = 1. This forcesa=e+ 1 =
4r2 4+ 2. We can then compute b = 16r% 4+ 12r2 + 1, and ¢ = (4r? + 1), and finally
P =4(2r2+1)(4r2+1) and K = 4r(2r2 + 1)(4r2? + 1) which indeed equals rP.

By choosing other divisors and factorizations, we find other solutions (with much dupli-
cation!). However they all seem to be smaller than the one just demonstrated—thus our
conjecture.

For instance,with r = 2, we can make another easy choice for the divisor: let ae—e?—4r? =
2, so we have e(a—e) = 18. Letting e = 18 and a—e = 1 produces the triangle (19, 153, 170)
noted earlier. Or by selecting ae—€” —16 = 4 and e = 20 we find the triangle (21, 85, 104).
All other choices we have made lead to triangles with perimeter < 200. Likewise with
r = 3, all other choices lead to triangles with perimeter< 2000,(except for the one noted
above (38,1369,1405)). If we want to put our trust in a machine, a computer search found
no other K = 3P triangles with P > 2000.

A connection to the Golden Ratio: Assuming the truth of our conjecture, the longest side
of the largest K = rP triangle is 16r% +12r? + 1, which factors, not nicely using integers,
but nicely using the Golden Ratio: 16r% +12r2 + 1 = (4r? + " 2)(4r? + #2), where " and
# are the roots of X2 —x — 1.

Comment by editor: Charles Diminnie of San Angelo, TX calls our attention to the
article “Pythagorean Triples and the Problem A=mP for Triangles” in the April 06 issue
of the Mathematics Magazine by Lubomir P. Markov. This article shows the degree of
complexity which is inherent in this problem. The problem though, was built by Ken
Korbin from formulas in an article by K. R. S. Sastry entitled “Heron Problems” (Journal
of Mathematics and Computer Education, 29(2), Spring, 1995).

Also solved by Dionne Bailey, Elsie Campbell, & and Charles Diminnie (jointly),
San Angelo, TX; David E. Manes, Oneonta, NY, and the proposer.



e 4908: Proposefj by Jose Lu(is D®az-Barrero and Miquel Grau-Sanchez,Barcelona, Spain.

1 e
Evaluate e dx+  VInx dx.
0 1

Solution I by N. J. Kuenzi, Oshkosh, WI.

The rectangle with corners at (0,0), (1,0), (1, e), and (0, €) has area of e square units. The
curve y = e’ (or X = 4/Iny) splits the rectangle into two regions. The,area of the lower

region is given by 01 e“dx and the area of the upper region is given by *© In(y)dy. The
sum of the areas of the two regions is the area of the given rectangle which is e.

( 1 2 ( e* ( 1 2 ( e*
e dx + In(y)dy =  €“dx + In(x)dx = e.
0 1 0 1

Solution II by R. P. Sealy, Sackville, New Brunswick, Canada.

The answer is e. Making the substitution X = ?tz in the secoild integral and then inte-
2 2 2
grating by parts * { vInxdx = 012tzet dt =e— Olet dt =e— OleX dt.

Also solved by Brain D. Beasley, Clinton, SC; John Boncek, Montgomery,
AL; Michael Bronzinsky, Central Islip, NY; Elsie M. Campbell, Dionne T.
Bailey, & Charles Diminnie (jointly), San Angelo, TX; Ben Diener & Neil
Long (jointly), Upland, IN; Paul M. Harms, North Newton, KS; Karl Havlak,
San Angelo, TX; Daryl Henry, David Kasper, & Rebekah Bergens (jointly),
Upland, IN; Julia Hess, Cassandra Johnston, & Peter Schweitzer (jointly),
Upland, IN; Jahangeer Kholdi, Portsmouth, VA; William R. Klinger, Upland,
IN; Tom Leong (two solutions), Brooklyn, NY; Kevin Little, Jonas Herum, &
Aaron Hoesli (jointly), Upland, IN; Brian Lucarelli, Waynesburg, PA; David
E. Manes, Oneonta, NY; Boris Rays, Landover, MD; Harry Sedinger, St.
Bonaventure, NY; David Stone & John Hawkins (jointly), Statesboro, GA;
Aziz Zahraoui, Portsmouth, VA, and the proposers.

e 4909: Proposal by Jose Luis D&az-Barrero Barcelona, Spain.
Prove that 1
(% + BP%) (8% + **) (P + %) > o
for any a,b,c € (0,1).
Solution by Michael Brozinsky, Central Islip, NY.

Let (X,y) be interior to the square S bounded by X = 0,x = 1,y = 0, and y = 1. Let
C denote an arbitrary constant in [0,1). The function F (X,y) = X% + y? is symmetric
about the line y = x and F(x,x + C) > F(x,x) if C > 0 since x2**C) > x2* and
(x + C)® > x?. Hence, in determining the greatest lower bound to F(x,y) on S, it
suffices to consider C=0; i.e., the function g(x) = F (X, X) = 2x*.

Now ¢/(x) = 2x%(21In(x) + 2) and so (by the first derivative test), g(X) has an absolute
minimum on (0,1) when In(x) = —1; i.e., when x = 1/e, g(x)= 2(1/2)%¢ = A. The
expression in the problem is merely F (a,b) - F (a,c) - F (b,c) and its absolute minimum is
thus A% which is approximately 0.88, which is greater than 7/8.

Also solved by Tom Leong (two solutions), Brooklyn, NY; David E. Manes,
Oneonta, NY; David Stone & John Hawkins (jointly), Statesboro, GA, and
the proposer.



e 4910: Proposal by Karl Havlak, San Angelo, TX.

A man began an evening with $10. He visited 10 casinos and doubled his money at each
casino. Upon exiting one of the casinos, he found a couple of paper bills on the ground
of U.S. currency ($1, $2, $5, $10, $20, $50, $100). If he left the last casino with $10,656,
can we determine exactly how much money he found on the ground and when he found
it?

Solution by Carl Libis, Kingston, RI.

$10 doubled 10 times is 10(21%) = $10, 240. The difference between $10,240 and $10,656 is
$416. Keep dividing $416 by 2 until the value is not an integer. These values are 416, 208,
104, 52, 26, 13, and 6.5. The only value that is the sum of U.S. currency is $52=$50+%$2.
Therefore the man found $52 on the ground after leaving the seventh casino.

Also solved by Brian D. Beasley, Clinton, SC; John Boncek, Montgomery,
AL; Elsie M. Campbell, Dionne T. Bailey, & Charles Diminnie (jointly) ,
San Angelo, TX; Ben Diener & Neil Long (jointly), Upland, IN; Paul M.
Harms, North Newton, KS; Tom Leong, Brooklyn, NY; Julia Hess, Cassandra
Johnston, & Peter Schweitzer (jointly), Upland, IN; David Kasper, Rebekah
Bergens, & Daryl Henry (jointly), Upland, IN; Kevin Little, Aaron Hoesli,
& Jonas Herum (jointly), Upland, IN; Jahangeer Kholdi, Portsmouth, VA;
William R. Klinger, Upland, IN; Kenneth Korbin, NY, NY; N. J. Kuenzi,
Oshkosh, WI; Peter E. Liley, Lafayette, IN; Susan Malkowski, Richmond,
KY; David E. Manes, Oneonta, NY; Melfried Olson, Honolulu, HI; Jennifer
Pevley, Richmond, KY; Boris Rays, Landover, MD; R. P. Sealy, Sackville, New
Brunswick, Canada; Harry Sedinger, St. Bonaventure, NY; Tonya Simmons,
Montgomery, AL, and the proposer.

e 4911: Proposeal by Richard L. Francis, Cape Girardeau, MO.

It is easy to show, if zero factors are ignored, that the product of the squares of the six
trigonometric functions is 1. Is it possible for the sum of these squares also to equal 17

Solution by Brian D. Beasley, Clinton, SC.

Yes, provided that we define the trigonometric functions for complex variables. We seek z

sin?z  cos?z 1

such that sin®z + cos? z + tan? z+ cot? z +sec? z+csc?z = 1, or
1
2

+ —
cos?z  sin?z  cos?z

2z 0. This is equivalent to sin®z + (1 — sin®z)2 + 1 = 0, so we need a solution of
S11 +
the equation sinz = =+ (1 +iv3) = £= (fi i). Since sinz = (€7 — e7%)/(2i), w
| 1 i
have €% = :I:2 + i + 3 + \Qf, where the second and fourth plus/ minus signs are

o 2(1 3
the same. Focusing on only one solution for z, we find z= — —iln \[(;\[)
For this value of z, it is straightforward to verify that sinz = (v/3 — i)/ 2, and hence the
sum of the squares of the six trigonometric functions at z will equal 1.

Comment by editor: R. P. Sealy of Sackville, New Brunswick, Canada is the only
other individual of the 26 who submitted a solution to this problem that considered
complex values for the argument. When restricted to the real domain, it is easily shown
that the sum of the squares cannot be equal to one.



